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EXTENSION OF WIENER’S TAUBERIAN IDENTITY
AND MULTIPLIERS ON THE MARCINKIEWICZ SPACE
BY
KA-SING LAU'

ABSTRACT. This is a continuation of the work of Bertrandias, Lee and Lau on
Wiener’s generalized harmonic analysis. Among the other results, we extend Wiener’s
Tauberian identity to cover a larger class of functions; we characterize the multi-
pliers on the Marcinkiewicz space 92, and we obtain a Tauberian theorem on 92
with full generality.

1. Introduction. For a complex valued Borel measurable function f on R such that
lim;_ o, 2T)™"/ 7| f(x) |* dx exists, Wiener [13] defined the integrated Fourier trans-
formation (Wiener transformation) g = W( f) of f as

() g = [ 1)

He then introduced a Tauberian theorem and proved that the mean square module
of the above function f equals the quadratic variation of its transformation g, i.e.

(1.2) 7!111:0 %,j::|f(x)|2dx = el—i»%l+ %/_Zlg(u +e) — g(u—e)|*du.

—iux __ 1

dx +j:]lf(x)e—.dx )

e

fux

X =X

The above transformation and identity were used by Wiener to study the spectra of
certain important classes of functions which are not covered by classical harmonic
analysis (cf. [13, 15, 16]).

For each f € L3 _(R), we let

B (1 g7 , 1,2
Iifll—IIfII%z—Tl:rI;(ZTf_Tlf(x)| dx)

and M = {f: f€ L2 (R), |l fIl < 00}. We call 9M? the Marcinkiewicz space [10].
For any Borel measurable function g on R, let

— (1 , )2

gl =ligla2= GEI;I+ (Zfoolg(u +¢) —g(u—c¢)| du)

and V2 = (g: g is Borel measurable and |/ gll < o0}. Such a class of functions was
first investigated by Hardy and Littlewood [S] and is called the integrated Lipschitz
class. By identifying functions whose differences have zero norm, both 912 and %2
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are Banach spaces [9]. Note that the identity (1.2) implies that W is an isometry on
the nonlinear subspace

W2 ={feMm?: hm L |f(x) |* dx exists
o 2T J_

In [9] Lee and the author have proved that the Wiener transformation W is actually
an isomorphism from 9% onto “V'? and the exact isomorphic constants are found. In
[8], the author has investigated the class of convolution operators on 9%, and on 2
under the Wiener transformation. It is the main purpose of the present paper to
carry on this study. Among the other results we extend Wiener’s Tauberian identity
(1.2) to a larger class of functions; we obtain different characterizations of multi-
pliers on M2, and we give a Tauberian theorem on M ? with full generality.

Our paper is organized as follows.

In §2, we present some pertinent results, and use the Wiener transformation to
obtain a characterization of the closed subspace 92 of functions fin M ? which are
continuous under translation, i.e. ll7,f— fIl - 0 as h — 0. The space IM? is the
most important subspace in 912 in our consideration.

In §3, the main result is Lemma 3.3. By using this, we offer an alternative proof of
Wiener’s Tauberian identity (1.2) and extend the identity to larger classes of
functions (Theorem 3.4, Theorem 3.5).

In §4, we use Lemma 3.3 to study the covariance functions and spectral measures
of fin M2,

The main theorems of this paper are in §5 For any operator ® on 9%, the Wiener
transformation defines a unique operator ® on V2 which satisfies

w(®f)=o(Wf), [fEM2

If ® is a convolution operator defined by ®(f) = p* f, f € 92, where p is a
bounded regular Borel measure, then @ is given by ®(g) = i -g, g € V2, where ji
is the Fourier-Stieltjes transformation of u [8]. Let (7,)~ be the strong operator
closure of the subspace generated by the translation operators 7, f, h € R. For
f € OM2, let {7, f)~ be the closed subspace generated by 7, f, h € R. An operator ®:
M2 - M2 is called subordinative [3,11] if ®(f) € (7, f )~ for all f € M2 We
prove the following theorem (Theorem 5.3).

THEOREM A. Let ® be a bounded operator on I %; then the following are equivalent:
(1) @ is subordinative;
(i) ® € (m)7;
(iii) ® belongs to the strong operator closure of the convolution operators;
(iv) there exists a unique ¢ € C,(R), the space of bounded continuous functions on
R, such that ®(g) = ¢-g for all g € V2.

We remark that Bertrandias [3] also showed that each subordinate operator ®
corresponds to a ¢ € C,(R) through some abstract representations. Qur approach is
quite different from his. We will call ® a multiplier on 92 if it satisfies either one of
the above conditions. Also, we prove that (Theorem 5.2)
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THEOREM B. If we identify the space of multipliers on N> with Cy(R), then the
strong operator topology is stronger than the topology of uniform convergence on
compact subsets of R. Moreover, the two topologies coincide on bounded subsets of
C,(R).

Let 9M? denote the subspace of regular functions in 92, i.e. limy_.  [7 74| f]* = 0
for all @ > 0, and let M2 = M2 N M2.

THEOREM C. Theorems A and B also hold for OW2.. In addition, if we assume that the
restriction of ® to L*>(R) is a bounded linear operator on L*(R), then ®.is a multiplier
on M2, if and only if ® satisfies:

(1) &1, = 1,0 Vh ER;

(ii) lim7_ o 37 /% | X7 @(f) — ®(x7 )]} =0

where X is the characteristic function on [-T, T].

The conclusion on the subspace 97 is different from 92 and M 2. The following
result is a special case of Theorem 5.8, Corollary 5.9: Let M~ denote the set of fi
where . is a bounded regular Borel measure on R. Consider fi as an operator on V?
(= W(ON?)); then the strong operator topology, the operator norm topology, and the
uniform topology (as a subspace of C,(R)) on M " coincide.

As a direct application of the multiplier theorems, we obtain the following
Tauberian theorem in §6. This generalizes a result of Wiener [16, Theorem 29;
8, Theorem 4.3].

THEOREM D. Let ® be a multiplier on 92 such that ® € C,(R) is nonvanishing. Let
f € M2 satisfy

- 2._
L ML

Then for any multiplier ¥ on OR2,

o 2
Jim 57 [P =

The author wishes to thank Professor P. Masani and Dr. R. Nelson for bringing
his attention to these problems in the seminar. Thanks also go to Professor I.
Dimovski for some stimulating conversation while the author was visiting the
Bulgarian Academy of Sciences.

2. Preliminaries. Let ON2, V2 and W be defined as in §1. When there is no
confusion, we will use the same notation f € 92 (V'?) to denote the function f on R
as well as the equivalence class of functions in 9? (<2, respectively). A function
fEM? is called regular if lim,_ ., 3/ |[f(x)|*dx =0, or equivalently,
lim, . 57774 f(x) | dx = 0 for all a > 0. We will use 9 to denote the closed
subspace of all regular functions. Let 7,, # € R, denote the translation operator
defined by 7, f(x) = f(x + h). A function f € M is said to be continuous under
translation if |7, f — f | — 0 as h — 0. We will let 97 denote the class of functions
and let M2, = M7 N M2
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Let M be the space of bounded regular Borel measures on R and let M, denote the
subspace of measures with finite first moment. In [8], we proved that each p € M,
defines a convolution operator @, on M2 by ®,(f) = p* f (pointwise). The defini-
tion can be extended to all p € M by taking limits under the strong operator
topology.

PROPOSITION 2.1. For each p € M, the convolution operator ®, is a bounded linear
operator on N2 with 19, o2 = Il i1l , where ji is the Fourier transformation of p.

Let 9'/? denote the class of bounded functions ¢ on R and satisfy ¢(u + €) —
¢(u) = o(e'/?) uniformly on u. For each g € V%, we can choose a g’ € V2 N L2
such that llg — g’ll> =0 [9, Theorem 3.3]. We define ¢-g, for ¢ € D'/? and
g € V2, to be the equivalent class in “? containing the pointwise multiplication
¢ - g’. This multiplication is well defined [8] and

1

_ ™ 1,2
(2.1)  ll¢-glh= lim (2—f |o(u) || g(u+e) — g(u—c¢)|*du
e—0t \ 28700

Also it was proved in [8, Theorem 3.6] that

PROPOSITION 2.2. Let W: ON* — V'? be the Wiener transformation; then for any
t € M such that i € D'/,
W(pxf)=p-W(f) VfEM.

It is easy to show that if u € M and the first moment exists, then fi € 9'/2. In the
following, we will make use of the above proposition to give a useful characterization
of functions in M 2. This generalizes a result of Wiener [16, p. 160].

THEOREM 2.3. Let f € ON? and let g = W( f). Then f € N2 if and only if
. . 1 -4 0 _ N2 g, —
(2.2) Jim tim 28[_00 +/A |g(u+e) —g(u—e)[Pdu=0.

PROOF. Let f € 9N; consider the sequence of functions { p, )3, where

[2 n
xX) = _—
Pa(x) T n?x?+1

It is easy to show that || p,Il, = 1, the Fourier transformation of p, is e /" and
belongs to D'/2 We claim that || p,* f—fIl >0 as n - co. Indeed, for any
0 < e < 1, there exists a § > 0 such that for 0 <|y|< 9, IITyf—fII < g/2, and there
exists an n, such that for n > n,

€

a2

[ inO) <
R\[-9, 0]
Hence for n > n,

flff_;“’n « f(x) = f(x)|*dx < %, _:| '/::(f(x =y) = f(x))p.(y) dy |* dx

< L35/ 1 =) = 1 P x| p() a + 5.
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By letting T — oo, we have || p, * f — fII> <e. This completes the proof of the
claim. Now by Proposition 2.2,
(W(f=py* F))u) = (1 — e ™)g(u), ueRr.
Since W is an isomorphism from M2 onto V2,
_ 0
lim lim L/ (1— ey | g(u+¢e) — g(u—-¢)|du=0.
n—o g+ 2¢ —o0
That | 1 — e™/"|> § for | u|> n implies equality (2.2). To prove the sufficiency, we
note that
(2.3) (W(f =7 f)(u) = (1 —e")g(u), u€ER.
For & > 0, there exists an A4, such that for 4 > 4,

— 1 -A ® _ _ 2 &

EEI:+Z'/:00 +/A lg(u+e)—glu—e)|>du< i

Choose 8 such that for | h|< 8, |1 — e |<e/2lIgll* for u € [-A,, 4,). Hence for
gEV?

. N P A
I(1 = e")gll> = lim gf |1 —e”™|g(u+e)—glu—e)Pdu (by(2.1))

e—0"
— 1 ;
< lim 2—/ + [T—e™ | g(u+te)—g(u—e)du
e—0t “€7-a,41  JR\[-4, 4]
€ €
\E+‘2'—8

It follows from the isomorphism of W and equation (2.3) that |7, f— fI|l - 0 as
h-0 0O

3. Some lemmas. In this section, we will develop some lemmas which lead to
Theorems 3.4, 3.5 and Proposition 4.3.

Let % denote the set of complex Borel measurable functions on [0, c0) such that
SUPr-o TJo | f(x)]| dx < co. Let B, denote the subset of all f€ B such that
supr-o ¥/o | f(x)| dx < 1. For any complex Borel measurable function 4 on R, we
will let A(x) = ess Sup,., | A(t) |, x > 0. It is clear that h is a decreasing function on
R.

LEMMA 3.1. Let h be defined on (0, o0) such that h is integrable on (0, o0). Then

() lim,_ o+ ah(a) = 0, limg_,  BA(B) = 0;

(i) lim, o+ [¢f(Tx)h(x)dx =0, limg_ , [3°f(Tx)h(x) dx = O uniformly for all
fEDB, and T>0.

PROOF. (i) follows easily from the fact that / is decreasing and integrable. To
prove the first expression in (i), we observe that for any f€ %,, a, T >0, by
changing a variable with = Tx we have

(3.1)

/:f(Tx)dx

1 aT
a.ﬁ-/(; f(t)dtl <a.
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Let w(a, x] = h(x + ) — h(a + ). Since 4 is decreasing, p is a negative measure. For
any T, a > 0,

sfa!f(Tx)|h~(x)dx
(/ f(Tx)dx)h(,B f(/f(Tx)dx)dp,(x)
Sah(a)—foxd,u(x):/(;h(x)dx.

U:f(Tx)h(x)dx

This completes the proof. The second identity is proved in [9, Proposition 4.2(ii)].
O

LEMMA 3.2. Let h be as in Lemma 3.1. For any ¢ > 0, let 0 < a < B be such that (i)

ah(a), Bh(B) <e, ()| [of (Tx)h(x)dx |, | [{°f(Tx)h(x)dx |<e for all f' € B,,
T>0.Lae fE€B,,0<a<band0 <c <1 satisfy

‘lTLTf(x)dx—c

<e¢ VT E|a,b].

Then

a b
Bl

ProOF. Without loss of generality, we assume that A has finite variation on any
bounded intervals. Let p,(a, x] = h(x + ) — h(a + ). Then integration by parts and
(3.1) yield

U f(Tx)h(x)dx—cf h(x)dx| <

(8 + IlAll))e VTE[

[P ATy dx = (8- g7 1) s J1B) = (- o [ 10) ax | ne)

—./;Bx(x—lTj(;XTf(I)dt) dpy(x).
Hence for any T € [a/a, b/f]

U A(Tx)h(x) dx — cj h(x) dx

+ 4e

‘f f(Tx)h(x)dx — c/ h(x) dx

c(,Bh(,B)—ah(a)—Lxdp,,(x)) —/;h(x)dx

+e(B|h(B)| ta|h(a)| + + 4¢

(by (3.2) and by the hypothesis on ¢)
<&@+ llnlly). O

The following is our main lemma.

B
Xd“h(x)
a
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LEMMA 3.3. Let h be as in Lemma 3.1 and let f € B,. Suppose there exists ¢ > 0 and
two sequences {T,} and {A,} such that:
(1) lim T,= oo andlim,_ (A,/T,) =

(1) lim,,_, (1/S,) /3" f(x) dx = ¢ for all S, € [ ,T,+ 4,
Then there exists a sequence {T,} with lim,_, ., T, = oo and
lim / ATIx)h(x) dx = cf h(x) dx.

h— oo

ProOOF. For any ¢ >0, let ¢, =¢/(8 + IlAll,). Let a, B be the corresponding
number for ¢, as in Lemma 3.2. Let n,, be such that for n = n,

leOTf(x)dx —c

<e VTE[T, T, +4,]

and
n+4, T, _ . :
e Do g ey )
By Lemma 3.2,
T, T,+A4
‘/ f(Tx)h(x)dx—cf h(x)dx| <e VTE[ T]’ n=ng.

In particular, if we let e = ; and let T, be T,/ (which depends on m), then
lim T,, = oo and

hmf AT x h(x)dx—c/ h(x)dx. O

m-— oo

m— o0

As an immediate application of the above lemma, we will extend the Wiener
identity to a larger class of functions. Let x , denote the characteristic function of a
set A.

THEOREM 3.4. Let f, € A% Let {T,}, {A,) be as in Lemma 3.3 with ¢ = || f, |l o2,
and let A= U>_|[T,,T,+ A,]. Then the function f= fy-x, satisfies || fllop2 =
[ A@P] S

We remark that such an f is easy to obtain by taking {7, }, {4,} sufficiently large.
PROOF. Let g = W( f). Then

[34 —iex
—é€

lu+ o) = glu—e) = 3 [ (0 e s

_ 2sinex ;..
= 2W[wf(x) PR dx.

Hence (1,g — 7_.g) is the Fourier transformation of \/? f(x)sin ex/x. The Plancherel
Theorem implies that

213.[ lg(u+e)—glu—e)|*du= —f |f(x)

= [

2 sin® ex

dx

sm X

dx.
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By taking F(x) = (| f(x) |> + | f(-x) |*)/2 and h(x) = 2sin* x/7x?,
IWfllq:= Tim / F(Tx)h(x) dx.

T— oo

Similarly, we can define F; for f,. Lemma 3.3 implies that
o0
I flloggz = lim / F(Tx)h(x) dx < |Wf Il
n—oo JQ
for some sequence {7} diverging to o. On the other hand, since f € U

I Nl = nm/ Ya(x)dx < Tim waFO(Tx)h(x)dx
T—- o0

T—- o0

=Wl =l fllogz = Il fllge. O
A function f € 97 is said to have slow oscillating quadratic mean if for any & > 0,
there exists a positive function ¢, on [0, oo) such that:

D) limy_, (¢(T)/T) =
(i1) there exists T, such that for T > T,

7 f ) d = 5 [N

It is clear that if f € U2, then f has slow oscillating quadratic mean by taking
o(T) = eT>.

<e VT €[T, T+ ¢(T)].

THEOREM 3.5. Suppose f € ON? and has slow oscillating quadratic mean; then
L f orz = W)l
PROOF. By choosing {T,,} such that
. 1 (1,
tm 3 17 =1
and by the same proof as the last theorem, we have || f || gp2 < [|Wf || «2. To prove
the reverse inequality, we let {7,} be a sequence diverging to co and
lim wa(T:,'x)h(x)dx = 1Wf Il
n—o0o vY(Q

For each ¢ = ¢, there exist a,, B, satisfying the conditions (i) and (ii) in Lemma 3.2.
Choose a subsequence {7 } of {7} such that T, = «, T, — oo as k — oo, and

1
klir?o ?kf “F(x) dx

exists. The sequence of intervals [T, T, + ¢, ,(T,)] satisfies the conditions in
Lemma 3.3, and from the proof of Lemma 3.3, the sequence (7, } satisfies

lim ooF(Y:,’k)c)h(x)dx 11m if “F(x) dx.

k—o00 YQ k— o0 Tk

This implies that

1T, 3
IW(f )Moz = klgx:okao F(x)dx < flloge. O
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COROLLARY 3.6 (WIENER). Suppose f € W?; then || f |l opz = WS |l 2.

4. The covariance functions and measures. Let f € 9 and let
1 (7T —_
er(h) = 7 [ J(x + 1) J(x) ax.

Then {c;};-o is a family of uniformly bounded continuous, positive definite
functions on R. Consider {c;}r-o as a subset of the space of complex valued
functions on R with the topology of pointwise convergence, it is contained in the
compact set {y: |Y(h)|< k Vh € R} for some k > 0. Moreover, on {c_T}T>0, the
topology of pointwise convergence and the topology of uniform convergence on
compact sets of R coincide [4, §5]. Let

= N (&T=%),

i.e. C;is the set of limit points of {c7}7.¢ as T — co. Each ¢ € C;is positive definite
and q> is continuous (since f € %2) For each ¢ € C; the Bochner Theorem yields a
bounded regular Borel measure p satisfying

c(h):fe"'“dp(u), h €R.
R
Let g € V% and let p, be a bounded regular Borel measure on R defined by

ndE) = 3, [ 18(ut0) = glu—e) P

where E is a bounded Borel subset in R. Let D, denote the weak* limit of the set
{Be)esoase—0,ie. D, = My_ofp.: 0 <e<3§).

For f € M2 and lim_, o, 77 /7 f(x + h)f(x) dx which exists for all » € R, Wiener
[13] proved that both C;and D,, g = W( f), are single points and they are related by
the formula

(4.1) hm —/ f(x +h)f(x)dx = li_r’r(l) %[Ze”‘ﬂg(u +¢€) — g(u—e)|* du,

ie., c(h) = [*2.e"" du(u) where {u} = D

THEOREM 4.1. Given any bounded regular Borel measure p on R, there exists a
g € V2 such that D, = {}.

PROOF. Let c(h)'= [re"* du(u). In [3], Bertrandias constructed a function f €
U N 9?2 such that

c(h) = Tlirrgoz—;,-/_:f(x+h)7(—;)-dx Vh € R.

Let g = W( f). It follows from (4.1) that D, consists of a unique measure and equals
p. O
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LEMMA 4.2. Let f € ON? and let g = W(f). Suppose f satisfies the following
conditions: for any compact subset K in R, there exist two sequences {T,} and {S,} such
that:

(l) limn-*oo T;l = 0, limn—voo(Sn/T;l) = ©

(i) lim,, _ o (1/2T)) " f(x + h)m dx exists and equals c(h) VT, € [T,, T, + S,],
h€EK.

Then there exists a sequence {&,} which converges to zero and

f 1hu|g(u+£)_g(u_8)IZdu-—c(h) VheK.

n—oo

2¢

lim
n— o0

PROOF. Note that e”“(g(u + ¢) — g(u — ¢)) and (g(u + €) — g(u — ¢)) are the
Fourier transformations of the functions

\/gf(x+h)sinxsx and \/gf(x)sir;ex

respectively. Hence

ifooe"“"|z£:(u+e)—g(u—e)lzdu=foof(’”Lh)msmzz"arx.

2e J_ -0 € €/ ax

We then apply Lemma 3.3 to F(x) = (f(x + h)f(x) + f(—(x + h))f(—x)) and
h(x) = 2sin® x/mx? to obtain the conclusion. [J
The following proposition will play an important role in the next section.

PROPOSITION 4.3. Let {p,} be a sequence of positive regular Borel measures on R
with ||, || < 1. Then there exists a g € V'? such that D, contains {p.,,}.

PrOOF. For each p,, there exists an £, € U N M2 such that

e TNy = & ihu
Tlgn:o 2T'/‘Tf,,(x+h)f,,()c)d)c f_oce du,(u) VhER

(Theorem 4.1). We will construct an f € 92 in the following manner: define a new
sequence of functions by

L=hHh, L=h L=h,
ly=1f, Is=hh, lg=fetc

For each /,, we will let ¢, be the corresponding covariance function and let

el( 2Tf (x +h) x)dx

Let A, = 0. Suppose we have chosen A4, and have defined f on [0, 4,]; let B, > 4
be such that

n

n

< —21— Vh € [-2",2"].

¥ [+ m TG a
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Define f = 0 on [4,,, B,] U [-B,,-A4,,]. Since ¢} - ¢c,, T = o uniformly on compact
sets, there exists 7, > B, such that for T> T, ,

'#crﬂn(h) - cn(h)1 < vhel2n2].

LetA, ., = T? and let

_ ln(x_Bn)’ fOfXE[Bn,An+l],
flx) = I(x+B,), forx€[-A,,, -B,].

Inductively, we can define the function f on R. For each fixed m, there exists
infinitely many ¢, equal to c,,. For each fixed compact subset K in R, we can show
that the conditions in Lemma 4.2 are satisfied (with c(#) replaced by c,,(4)). Hence
there exists a sequence {¢,} which converges to zero and

lim I
,,Loo 2¢

[ e g(ut e,) ~ glue,) Pdu=c,(h) VhEK.

n*-00

By using a diagonal method, we can actually obtain a sequence &, such that

lim 1,fooe"'“|g(u+sj,)—g(u—£;)|2du:cm(h) Vh €R.

n—oo 2811 -0

This implies that

: * ihu — *® ihu
Jim [ etd () = [ e du, ().

Hence {p,} C D,. U

REMARK 1. If the sequence {u,} in the above proposition is supported by a
compact set, then {u,} is a precompact set in the weak topology induced by C,(R),
where C,(R) is the space of bounded continuous functions on R. This implies that
the corresponding continuous positive definite function {c,} is a precompact subset
in the topology of uniform convergence on compact sets [4, §5]. Hence we can show
that ¢,(h) — ¢,(0) uniformly on n as # — 0 and || 7, f, — f,|l - O uniformly on n as
h — 0. These and the construction of f imply that ||7,f— fll =0 as h -0, ie.
feom

REMARK 2. Each f, in the above proposition is in the class U 2, hence each f, is in
9M?. It follows from the construction that f is also in DM 2.

5. Multipliers. (A) On M2 Let D'/? be defined as in §2. For each ¢ € D'/%, we
consider ¢ as a bounded linear operator on V'? defined by ¢ g. Let V.? denote the
image of M2 under W. Let J, denote the strong operator topology on ®'/? and on
C,(R), the space of bounded continuous functions on R and let A€ denote the
topology of uniform convergence on compact subsets of R.

PROPOSITION 5.1. On D'/2, the topology . is stronger than the topology AUC, and
the two topologies coincide on bounded subsets of D'/*.
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PROOF. Let D, be the set of point mass measures 8, where r is a rational in [k, k].
Proposition 4.3 and its Remark 1 yields a function g, € V2 with D, C D,. Hence
for any ¢ € D'/2,

1980l = Tm o0 [” 19 Play(uc+e) ~solu =) Fdu (by @.1)

-0t -0

= hmf | 6(u) P dp(u) = supf |6 (u) > dp(u)
e—0"

> sup f o) P du(w) = swp | $()[
RE D, wE[-k, k]

This implies that J_ is stronger than QU C. To prove the second assertion, let B be a
bounded subset in GD‘/ 2 and let {¢,}, ¢ be in B with ¢, > ¢ in WUC. Let g € V3
then for any n > 0, there exists 4, and ¢, such that for 4 > 4,, 0 <e <eg,,

1 (- _ R .
Zf +j' lg(u+¢e)— glu e)|du<4k (by Theorem 2.3)

where k is the bound of functions in B. Let n be such that for n > n,,

n
su - X)|<z—.
B PR TPy

Then for n > ng,

— 1 ®
1(8, = ¢)-gllyz = Tim o2 [ [6,(u) = o(u) | g(u +¢) = g(u) [ du
e—0" -
< 2||ng|| h—+ 28/ |g(u+e)—g(u—ce)|>du

+2k hm—— ~ +f lg(u+e) — g(u—c¢€)|*du
e—0" 2e

<.
This completes the proof. O

Let ¢ € C,(R); there exists a bounded sequence of functions {¢,} in 9'/?
converging to ¢ uniformly on compact sets. By Proposition 5.1, ¢ defines an
operator on V2 by ¢-g = lim,_ . ¢, g (the limit is taken in the sense of V?). It
follows from (2.1) and again Proposition 5.1 that

— 1 (e
(51)  Ngrglyr= Tm o [ [o(u) | g(u+e) = g(u—e)[*du,

£

As a consequence, we have
THEOREM 5.2. The space '/ in Proposition 5.1 can be replaced by C,(R).

Let (7, )" denote the strong operator closure of the subspaces generated by the set
of translation operators. Let (7, f)~ be the closed subspace generated by T, f,
h € R. An operator ®: 92 - 9?2 is called subordinative [3,10] if ®(f) € (7, )~
for all f € 9M2. For each ®: 9M? - IM? we will use @ to denote the unique operator
on V7 satisfying W(®f) = ®(Wf), f € M2
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THEOREM 5.3. Let ® be an operator on ONZ; then the following conditions are
equivalent:
(1) ® is subordinative;
(i) @ € (7,)";
(iii) @ belongs to the strong operator closure of the set of convolution operators;
(iv) there exists a ¢ € C,(R) such that dg=¢-gVgeE ”VCZ.

We remark that Bertrandias has proved that @ is subordinate on 92, if and only
if @ corresponds to a ¢ € C,(R) through some abstract representations [3].

PROOF. (ii) = (i) is clear. To prove (i) = (ii), we suppose ® & (1, "; there exist
fE M2, 1 € (IM?)* such that (®f, I)> sup, {7, f, |). This implies that ®f is not
in the closed subspace generated by 7, f, # € R, and is a contradiction.

(i1) = (iii) is obvious.

(iii) = (iv). Let M denote the set of bounded regular Borel measures on R and let

M, = {uEM:f|x|d|p|< oo].

Let M", M, denote the Fourier-Stieltjes transformation of the measures in M and
M, respectively. It is known that M, is dense in (M, )" under the U C topology. By
Theorem 5.2, M ; is dense in (M ;)‘ under the strong operator topology J_. Hence
for any ® € M ", there exists a sequence {p,} in M, such that p, > ® in 9. This
implies 4, — ¢ in WC for some function ¢ € C,(R). By Proposition 2.2 and that
fi, € D'/2, we have

®g=limf,(g) = lim i, g=¢-g Vg€

(iv) = (ii). Note that (7,”)~ contains all trigonometric polynomials, and by
Theorem 5.2, (7,”Y = C,(R). O

We will call an operator ® on 9?2 a multiplier if it satisfies either one of the above
conditions.

(B) On ")IL,ZC. In the proof of Proposition 5.1, the function f we have constructed
can actually be taken in 9% (Remarks 1,2 of Proposition 4.3). Hence all the results
in §5(A) can be carried to 9 2. In the following, we will give one more characteriza-
tion of the multipliers on 92, concerning the commutation of ® and 7,, # € R.

LEMMA 5.4. Let f € M2,
er(h) = 57 [ x + W) )

and p; be the measure defined by c;(h) = [ e"* du(u), h € R. Then for any € > 0,
there exists an A such that p-(R\[-A4, A]) < ¢ for all T > T,.

PROOF. The proof is similar to Theorem 2.3; we let

p(x):,/z__"_
g T n2x2+1’
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then || p,Il, = 1 and p,,A(u) = e /" By a standard argument, we can show that for
any & > 0, there exists T, n, such that for T> Ty, n > n, | c(0) — p, * c(0) | < e.
Since

er(0) = py » cp(0) = [ (1= &™) dr(u)

and |1 — e™™/"|= 1 for | u|> n, we conclude that for any n > n,, T > T,
pr(R\[-nq, n,]) <e VT>T,. O

LEMMA 5.5 [7, THEOREM 5.2). Let L be the set of bounded linear functionals | on ON*
that can be represented as

=[S [ B x| au(r), s o,

where g € N2, and  is a finitely additive regular Borel measure vanishing on bounded
subsets of R. Then L is norm dense in (9*)*.

Let M? = (f: supy-, 27/ 7| f|* < o0}, then L*(R) is contained in M? and the
Marcinkiewicz space 9? can be identified with the quotient space M2/N where
N = {f: Il f llgg2 = 0} [7, Proposition 2.4].

THEOREM 5.6. Let ®: M? — M? be a linear mapping. Suppose ® defines a bounded
linear operator on 7% (we still use the notation ®), and the restriction of ® on L*(R)
is bounded as an L*(R)-operator. Then ® is a multiplier on O if and only if:

i) @7, =12 Vh ER;

(i) im7_ o 37 /%% | X7 ®(f) — ®(x7/)* =0,

where x 1 is the characteristic function of [-T, T].

PROOF. Suppose @ is a multiplier; it is clear that (i) is satisfied. To prove (ii), we
recall that in [8, Lemma 2.2] we proved that if p € M, (the set of measures p € M
with [| x| d|p|(x) < 00), then

tim ZLT/_ZWDU) — &(xf) P =0.

Let {p,} be a sequence in M, such that ®, — ® in the strong operator topology on
M2 ; hence for each f,

re?

.1 4T B ,
nlggo Tlin:o 5T _rl((b“" ®)fI>=0.

We need only show that

(5.2) lim lim == [ [(®, — ®)(xrf) [ = 0.

n—oc Tooo 2T J_o

By Theorem 5.2, {ji,} converges to ® = ¢ in the A C topology. Since

| oo .
ﬁf_wu% -9, )(xr /)= f_wlun ~ B P dpr,
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Lemma 5.4 and the 9 C convergence of {®, } implies that for any & > 0, there exists
Ty, m such that for T > TO, m,n>mg,

2
57 / L0 ) )<
That {®, } also converges to ® in the strong operator topology on L*(R) implies

2T/ "’m (XTf)|2<8

and equality (5.2).
To prove the sufficiency, we will first show that
(5.3) D(sxf)=@(s)*f VseEL:, feM2,

where L% is the set of L*-functions on R with compact supports. Let 4 be the dense
set in M ?* as in Lemma 5.5 and let / € 4 be represented by

try= (37 o0 g x| ()

where g € 9% and p is finitely additive, vanishes on bounded subsets of R.
(1(®s) xg)= /1 2Tf (f ¢S(x))f(y)dy)g(x)dxdu(T)
= [T 35 /([ 0 lxr(0ms(00) xr () 8Gx) i ) 10) dy (T

(by (1), (ii) and the property of u)
= [T L xr 07 (00 @ () 303)) x| 1(3) v (T
(@* is the adjoint operator of ® on L?(R))

= "7 [ xr () 1)(x)- @%(x7(x) 8(x) ) dx d(T)
= flwﬁf_ch(m.s * £)(x) xr(x) g(x) dx dp(T)

= fooz_le_:q)(s * f)(x) g(x)dxdu(T) (by (i) and the property of p)

= (1, ®(s*f)).

This implies that (®s) x f = ®(s * f) Vs € L, f € M2, and O(s) is a convolution
operator on 92. Theorem 5.3(i) implies that

(sxf)=@(s)«fe(nf) .

By taking {s,} to be a sequence with compact support and which converges to §,
weakly, we have ||s, * f — fllor2 = 0 as n — oo (see the proof of Theorem 2.3). This
implies that ®( f) € {7, f )~ and hence @ is subordinative, i.e. it is a multiplier. O

We conclude this subsection by a theorem concerning the norm of the multipliers.



504 K.-S. LAU
THEOREM 5.7. Let ® be a multiplier on 2, and let ® = ¢ € Cy(R). Then
1812 = @152 =]l

PROOF. In [7, Theorem 2.4], we proved that if @ is a convolution operator on 9?2,
Le. ® = @, for some p € M, then

19, 1oz = 19,1l 2y = Nl -

The same proof holds for ®, on 9M2 (we need only observe that the function f
constructed in [7, Lemma 2.3] is in fact in 9N2). Hence 1D, llonz = llill . Let
¢ € C,(R); there exists a bounded sequence fi, such that fi, — ¢ uniformly on
compact subsets of R and lim,_ . llfi,ll, = ll¢ll . By the lower semicontinuity of
the norm with respect to the strong operator topology, we have [[ @[l or2 < [l¢ll . On
the other hand, for any € > 0, there exists u, such that | ¢(u,)|= ll¢ll, — e Let
fo=-e"(-)and g, = W(fy), then D, = {8, } and

I@llopz = @Sl = Il - gl

im ([ 1000 Flg(u+ o)~ s(u— )P te)

e—0
o 1/2
= ([T 1ot P o) " = lel, —
Hence |9, llor2 = ll 31l .. For the norm of @ on Y2, we observe that

- L i 00 ) _ _ 2 172
”‘I’g”%f‘)i%i(zef_w""(“)' |8(u+e) —g(u—e du)
<liglly ligly,

i.e. II(I>A||¢V,3 < ll¢ll,. By using the same argument as above, we have [|® || = ol
also. This completes the proof. O

(C) On 2. In [8, Theorem 2.6], we showed that the strong operator sequential
convergence and the norm convergence coincide on the space of convolution
operators. That is just a corollary of the following more complete theorem.

THEOREM 5.8. Consider 0'/? a class of operators on V? defined by multiplication;
then the strong operator topology and the topology of uniform convergence coincide.

PROOF. It is clear from (2.1) that the topology of uniform convergence on 9'/? is
stronger then the strong operator topology on V2. On the other hand let D be the set
of point mass measures §, where r is any rational in R. Proposition 4.3 implies that
there exists an f € O} ( f will not be in 9N?) with D, D D, where g = W( f). Hence
it follows from the same proof as Proposition 5.1 that

llp-glld2= sup |¢(u)|.

uER

This implies that the strong operator topology on V,? is stronger than the topology
of uniform convergence. [
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By Proposition 2.1 and Theorem 5.8 we have

COROLLARY 5.9. On the space of convolution operators on O the strong operator
topology and the norm topology coincide.

Note that the norm closure of the set {fi: p € M} is a proper subset in C,(R).
Hence the equivalent conditions in Theorem 5.3 will not hold on 92

6. A Tauberian theorem.

LEMMA 6.1. Let ¢ be a multiplier on N2 such that ® = p is nonvanishing on R. Let
f € ONZ such that |®( f)|| = 0. Then g = W( f) satisfies

lim % A|g(u+s)—g(u—e)|2du~——0 VA > 0.
e—0" -A

PROOF. Since ® is a multiplier, ¢ is continuous. For any 4 > 0 there exists a
Q > 0 such that | ¢(u) |> Q for all u € [-4, A]. Hence

lim —g—zf |g(u+e) — g(u—¢e)|*du

e—0
<lim-—/ |o(u) > |g(u+e) — g(u—e) | du
E—'Oe - 00

= [1W(p* I <IWI2-llp* flid=0. O

The following theorem generalizes a result of Wiener [16, Theorem 29 and
8, Theorem 4.3].

THEOREM 6.2. Let ® be a multiplier on M2 such that b=¢is nonvanishing. Let
f € 2 satisfy
1 2 _
ML
Then for any multiplier ¥ on ")TLC,

. | - 2
Jim = [ 1A =0
PROOF. Lety = ¥ and let g = W( f). By Lemma 6.1, we have for any4 >0

lim —/ |W(u) [P+ | g(u + €) — g(u — ) [* du
<|S|l£1|¢(u)|2 11m —f |g(u+e)—glu—e)|*du=0

and

lim lim 7—/ +f [ W(u)|*-|g(u+e) —g(u—e)fdu

A—-o o+

| o4 go0
< sup |yY(u)]* 11m Zf +/; |g(u+e)— g(u—e)|*du=0.
o+ o

|u|>A
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The two estimations imply that (| ygll2 = 0, i.e.

. 1 (7 y
lim ﬁf_r|fl>f| =0. O

T—oc
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